Abstract: Based on the classical Kirchhoff hypothesis, the dynamic response and sound radiation of rectangular thin plates with general boundary conditions are studied. The transverse displacements of plate are represented by a double Fourier cosine series and three supplementary functions. The potential discontinuity associated with the original governing equation can be transferred to auxiliary series functions. All kinds of boundary conditions can be easily achieved by varying stiffness value of springs on each edge. The natural frequencies and vibration response of the plates are obtained by means of the Rayleigh-Ritz method. Sound radiation characteristics of the plate are derived using Rayleigh integral formula. Current method works well when handling dynamic response and sound radiation of plates with general boundary conditions. The accuracy and reliability of current method are confirmed by comparing with related literature and FEM. The non-dimensional frequency parameters of the rectangular plates with different boundary conditions and aspect ratios are presented in the paper, which may be useful for future researchers. Meanwhile, some interesting points are found when analyzing acoustic radiation characteristics of plates.
Introduction
The rectangular plate is one of the most important structures in various engineering branches, such as aerospace, electronics, mechanical, nuclear and marine engineering. A better understanding of its dynamic and acoustic characteristics is meaningful for the designers and engineers. Many studies have been conducted on the vibration and acoustic analysis of plate. Liew et al. [1] conducted vibration study on rectangular plates with various combinations of classical boundary conditions by using a orthogonal plate function in the Rayleigh-Ritz procedure. Wu et al. [2] analyzed the free-vibration of rectangular thin plates with three classical edge conditions. Different Bessel functions were presented to satisfy the edge conditions such that the governing differential equation and the boundary conditions of the thin plate are exactly satisfied. Mikami et al. [3] studied vibration characteristics of rectangular mindlin plates with two opposite edges simply supported by using collocation method. The comparison between collocation method and published results shows the method yields very good results with a relatively small number of collocation points. Liew et al. [4] developed the differential quadrature (DQ) method to analyze the free vibration of rectangular plate with generic boundary conditions. Liu et al. [5] presented a mesh-free method to analyze the static deflection and the natural frequencies of thin plates with complicated shape. Bert et al. [6] proposed two approximate methods namely complementary energy method and differential quadrature method to analyze free vibration of circular and square plates. Wan et al. [7] proposed a refined triangular discrete Kirchhoff thin plate bending element RDKT to improve the original element DKT, numerical examples show that present methods indeed improve the accuracy of thin plate vibration analysis. Lim et al. [8] proposed a new symplectic elasticity approach for exact free vibration solutions of rectangular Kirchhoff plates based on the conservative energy principle and constructed within a new symplectic space. Li et al. [9] employed Green quasifunction method to solve the free vibra-tion problem of clamped thin plates. Tornabene et al. [10] [11] [12] [13] [14] studied the dynamic behavior of functionally graded or laminated composite doubly-curved shells and panels of revolution using the Generalized Differential Quadrature (GDQ) method. Kang et al. [15] developed a new formulation for the non-dimensional dynamic influence function method, which could extract eigenvalues and mode shapes of clamped plates with arbitrary shapes efficiently. Li et al. [16] conducted static and free vibration analysis of laminated composite plates based on nonuniform rational B-splines (NURBS). These researches are mainly focused on free vibration of plates and shells with classical boundary conditions. Thai et al. [17, 18] presented an efficient shear deformation theory for vibration of functionally graded plates. Meanwhile, bending, buckling, and vibration analyses of thick rectangular plates with different boundary conditions are also investigated [19, 20] . Two variable refined plate theory is used to investigate free vibration of laminated composite plates by Thai et al. [21] . Dozio et al. [22] put up an efficient analytical method for quick prediction of the modal characteristics of rectangular ribbed plates. In addition, the Trigonometric Ritz method (TRM) is conducted to analyze general vibration of rectangular orthotropic Kirchhoff plates [23] . Natural frequencies of thin and thick sandwich plates are dealt with using the formulation of advanced two-dimensional Ritz method [24] . Jayasinghe et al. [25] presented a Dynamic Coefficient Matrix (DCM) method to investigate the free lateral vibration of a rectangular thin plate, subjected to various boundary conditions. Li et al. [26] presented an accurate solution method for the static and vibration analysis of functionally graded Reissner-Mindlin plate with general boundary conditions on the basis of the improved Fourier series method. Shi et al. [27] proposed a modeling method to analyze the vibration characteristics of rectangular plates with cutouts having variable size.
Meanwhile, many other studies have been conducted on forced vibration and sound radiation of plates. Allahverdizadeh et al. [28] developed a semi-analytical method for forced vibration of a thin functionally graded plate, which proves there is almost no relation between vibration frequencies and amplitudes of plates. Han et al. [29] conducted forced vibration of isotropic laminated rectangular plates based on hierarchical finite element method. Akay et al. [30] developed an analysis of vibration of clamped plate subjected to transient point force. The sound radiation due to forced vibration of the plate is investigated on the basis of vibration response. Srinivas et al. [31] presented a unified exact analysis for the bending, free and forced vibration of simply supported rectangular plates and laminates. Shi et al. [32] studied the free and forced vibration characteristics of the moderately thick laminated composite rectangular plates on the elastic Winkler or Pasternak foundations using a new method.
Inalpolat et al. [33] studied near field radiation behavior of an unba ed square plate with free edges, which is excited by a harmonic force at its midpoint. Mace [34] developed a solution for the sound radiation from a pointexcited infinite fluid-loaded plate which is reinforced by two sets of parallel stiffeners by using Fourier wavenumber transforms. Laulagnet [35] presented sound radiation of a simply supported unba ed plate by using a double layer integral representation of the acoustic pressure. Sorokin [36] investigated vibration and sound radiation of sandwich plates with heavy fluid loading. The interaction between acoustic medium and plate is described by boundary integral equations assembled in a two-level system. The researches mentioned above are mainly focused on free vibration, forced vibration and sound radiation of plates and shells with classical boundary conditions. However, the boundary conditions encountered in practical engineering are always complicated and variable. A unified method which could deal with vibration and acoustic characteristics of rectangular plates subjected to general boundary conditions is necessary and of great significance. Specifically, an improved Fourier series method is now extended to the vibration and sound radiation characteristic of rectangular plates with general boundary conditions.
The transverse displacement of plate is presented by a standard double cosine Fourier series and three supplementary Fourier series. The potential discontinuity of original governing equation is transferred to auxiliary series functions. The change of the boundary conditions can be easily achieved by only varying the stiffness of the boundary springs around the all edges of the plates without involving any change to the solution procedure. The natural frequencies of rectangular plates are obtained by using the Rayleigh-Ritz method. In addition, sound pressure and acoustic radiated power of plates are derived on the basis of displacement response. The reliability and accuracy of current method are adequately validated through a number of numerical examples.
Theoretical formulations

Description of the model
As shown in Figure 1 , the length, width and thickness of rectangular thin plate are separately set as a, b and h. The boundary conditions are physically realized in terms of two kinds of restraining springs (translational and rotational springs) attached to each edge [37] [38] [39] [40] [41] [42] . Different boundary conditions can be simulated by changing stiffness of springs. The governing differential equation for vibration of plate under normal load q(x,y,t) is as below [43] [44] [45] [46] [47] : When q(x, y, t) = 0, the governing differential equation is about free vibration of plate and can be simplified as: According to literature [48] [49] [50] [51] [52] , the bending moments and the transverse shearing forces in plates can be expressed as below:
Rotational and translational springs along each edge correspond to the bending moments and the transverse shearing forces respectively. The boundary conditions for an elastically restrained rectangular plate are as follows:
At y = 0
At y = a kya w = −Qy (13)
Where k x0 , k xb , k y0 and kya are respectively translational spring constants at edges x = 0, x = b, y = 0 and y = a. Similarly, K x0 , K xb , K y0 and Kya are separately rotational spring constants at corresponding edges. Classical boundary conditions are achieved as below: clamped boundary condition is represented when all the spring constants are set as infinite, when all the spring constants are set as zero the boundary condition is seen as free. Besides, the unit of translational spring and rotational spring constants are separately N/m and N·m/rad.
The transverse displacement of plate is expressed in form of improved Fourier series expansions as below:
Cmn Sinλm xCosλn y
Where Amn, Bmn, Cmn and Dmn are the expansion coefficients, λm = mπ/a, λn = nπ/b. e iωt is the Harmonic time factor introduced to indicate transverse displacement at different times. It is easy to find that except for the standard double cosine Fourier series, three supplementary Fourier series are also included in Eq. (15) . The governing equation of plate is four-order differential, which recuires the third derivative of transverse displacement admissible function is continuous and the fourth derivative exists at all points in whole solution region. The potential discontinuity associated with the original governing equation is transferred to auxiliary series functions. Then, the Fourier series would be smooth enough in the whole solving domain.
For the sake of neglecting in-plane vibration of plate, strain energy of the plate caused by bending can be expressed as below:
dxdy (16) Accordingly, the total kinetic energy of the plate and the potential energy stored in springs are separately represented as below:
In the above formulas (16)- (18), ρ means density of rectangular thin plate, h is the thickness of the plate, µ is the Poisson's ratio, and D = Eh 3 /(12(1 − µ 2 )) represents flexural rigidity of the plate. Power of the external load is expressed as below:
The external load f (x, y) in Eq. (19) is uniform load and external load F in Eq. (20) represents concentrated force, δ(x) is the Dirac delta function, (xe, ye) represents the location of concentrated force.
Lagrangian function of the plate is expressed as below:
Substituting Eqs. (16)- (20) into Eq. (21), partial derivatives of Fourier series expansions coefficients are expressed as below:
A group of linear algebraic equations about the unknown Fourier coefficients of the displacement function are obtained by Rayleigh-Ritz procedure. They can be summed up in the matrix form:
K and M respectively represents stiffness matrix and mass matrix.
Sound radiation model
Based on the model of rectangular thin plate mentioned before, the sound pressure at arbitrary point in sound field of plate under external load is expressed as below:
In Eq. (27) , X means field point of sound field, Y is source point, ω is circular frequency of external load, ρ 0 denotes the density of air, c is the sound velocity in air, k = ω/c means wave number, r = |X − Y| is the distance between point X and Y.
The structure is divided into T finite elements, each discrete element of structure can be seen as point sound source, and Eq. (27) can be described as below:
Where vn(Y) is the derivation of transverse displacement function, ∆S denotes the area of finite element.
When the surface of the structural radiation coincides with the surface of the observation point, the acoustic radiated power of the plate can be defined as below:
When the structure is divided into C finite elements, equation (29) can be written as below:
In the above equation (30), ⃗ r i means position vector of center point of arbitrary element, r is the distance between center points of arbitrary two elements. The velocity of center of each discrete element can be described in the form column vector namely
T , acoustic radiated power is simplified as below:
Where Z is the impedance matrix and H denotes Conjugate transpose, Z can be written in the form as below:
Finally, acoustic radiated power level of the rectangular thin plate is expressed as below:
3 Numerical examples and Discussion
Convergence and boundary springs study
The series is numerically truncated in actual calculations, and the precision would change with the truncation number. Therefore, it is of significance to verify the effect of truncation number on convergence of current method. In addition, one advantage of current method is that general boundary conditions can be easily achieved by varying stiffness value of springs at each edge. Thus, the effects of the stiffness value of boundary springs on the natural frequencies of thin plate should also be investigated. Natural frequencies with subject to different truncated configurations are computed to confirm the convergence of the modified Fourier series method for the rectangular thin plate. The geometric and material parameters of the rectangular thin plates are: length of the plate a = 2m, breadth of the plate b=1m and thickness of the plate h = 0.002m, E = 2. Table 1 . To simplify the study, a symbolism is employed in the below research, e.g. F, C, S, E respectively denotes the plate with free, clamped, simply supported and elastic boundary condition. In the case of FEM analysis, ABAQUS is employed with 10 5 finite elements. The comparison results in Table 1 prove fast convergence and good accuracy of the current method when truncation number M = N = 13. Therefore, the following calculations will be conducted with the truncation number M = N = 13. As discussed in 2.1, general boundary conditions can be simulated by changing the stiffness of springs along each edge. When the stiffness of translational springs and rotational springs are individually set as 10 10 N/m and 0 N·m/rad, boundary condition can be seen as simply supported. With the stiffness of rotational springs gradually increased, the first three natural frequencies of plate are displayed in Figure 2 . It is easy to find that with the increase of stiffness value of rotational springs, the natural frequency of plate grows. Especially in the region between 10 2 and 10 5 N·m/rad, the natural frequency of plate changes rapidly. When the stiffness value of rotational N·m/rad, the first three natural frequencies of plate with different translational springs stiffness are displayed in Figure 3 . It can be concluded from Figure 3 that the natural frequency of plate varies fiercely when the stiffness of translational springs are ranged from 10 2 N/m to 10 7 N/m.
The natural frequency of plate is almost invariant when the stiffness value of translational spring is bigger than 10 10 N/m. In summary, when the stiffness of rotational springs and translational springs are individually set as 10 10 N·m/rad and 10 10 N/m, it can be seen as clamped boundary condition in the current method. From the comparison between Figure 2 and Figure 3 , it is easy to find the stiffness value of translational springs has greater effect on natural frequency than rotational springs. In the following discussion, the corresponding spring stiffness values for general boundary conditions are given in Table 2 . For the sake of simplicity, a four-letter string is employed to represent the restraint condition of a plate. For example, C-F-C-S stands for the plate with edges x = 0, x = b, y = 0, y = a having clamped, free, clamped and simplysupported boundary conditions respectively. 
Free vibration analysis
The nondimensional natural frequency parameters Ω = ωa 2 (ρh/D) 1/2 obtained by current method are in comparison with the results of related literature [48] and ABAQUS in this section. The plate in this subsection is of same material property with example in 3.1. Tables 3-5 illustrate the comparison of Ω with different boundary conditions. The tiny distinction verifies the accuracy of current method. The first six mode shapes of clamped plate using current method and ABAQUS are respectively plotted in Figure 4 . It is helpful to understand certain features in the vibration characteristics of rectangular plate. Based on the validation of accuracy of current method, the effect of dimensional parameters and elastic boundary condition on frequency of plate is discussed. The first six natural frequencies of thin plate with different aspect ratios and boundary conditions are shown in Table 6 and Table 7. Meanwhile, the relations between first three natural frequencies and aspect ratios are shown in Figure 5 and Figure 6 . It's easy to find that with the increase of aspect ratios, the natural frequency increases. When the aspect ratio is greater than 10, the natural frequency is almost invariant.
In the above analysis, boundary conditions are limited to classical boundary conditions. However, elastic boundary conditions are more commonly encountered in practical engineering. Table 8 and Table 9 show the first six frequency parameters of thin plate with edges elastically restrained such as C-C-C-E, S-S-E-E and F-F-E-E. What is interesting about the data in Table 8 and Table 9 is that in the combination of clamped boundary condition and elastic boundary condition, with the increase region of clamped boundary condition the frequency parameter Ω = ωa 2 (ρh/D) 1/2 increases. Meanwhile, in the combination 
Ratio r Mode number Boundary condition C-C-C-E C-C-E-E C-E-E-E E-E-E-E S-S-S-
Forced vibration analysis
The validity of current method to the forced vibration of clamped thin plate is discussed in this subsection. Point force is considered as the exciting force, the magnitude is 100N. The location of point force is the center of rectangular thin plate. The plate is of same material property with the plate in 3. 
Ratio r Mode number Boundary condition S-S-E-E S-E-E-E F-F-F-E F-F-E-E F-E-E-
Acoustic radiation characteristics analysis
The effect of boundary condition and location of point force on acoustic radiation characteristics are discussed in this section. The tiny distinction displayed in Figure 9 and Figure 10 verifies the accuracy of current method when analyzing acoustic radiation characteristics of plate. Monitoring point is located 0.1m above the center of the plate. Figure 11 -12 individually provides the comparison of sound pressure level and sound power level with different boundary edges. It is apparent from Figure 11 -12 that both sound pressure level and sound power level reach the peak when the frequency of excitation force equals first or- der natural frequency of plate. Meanwhile, with the weakening of boundary condition more peaks appear and the maximum peak value becomes bigger. Figure 13 and Figure 14 individually presents the comparison of sound pressure level and sound power level of Figure 13 and Figure 14 , it can be seen that with the increase of stiffness value of translational spring, the peak value varies and exists at different loca-tion beyond 400Hz. However, the peak value is almost invariant when the frequency is greater than 400Hz. Figure 15 and Figure 16 individually compares the sound pressure and sound power of clamped plate when the location of point force is different. From the data in Figure 15 and Figure 16 , we can see that the first peak value exists at same location of horizontal axis. In addition, with the point force moving to the center of plate, the number of peak decreases, whereas the peak value increases. 
Conclusions
This paper describes a unified Improved Fourier Series Method (IFSM) for the vibration and acoustic characteristics analysis of rectangular thin plates with general boundary conditions. Sine function term is introduced to modify the discontinuity of traditional Fourier Series Method on boundary. The unknown coefficients are solved by using the Rayleigh-Ritz procedure. General boundary conditions can be easily achieved by varying stiffness value of springs on each edge. The method in this paper is of fast convergence and good accuracy by comparing with the result of related literature and FEM. With the application of the present method, there is no need to reformulate the mass and stiffness matrices of the plate for the analysis on the vibration and sound radiation characteristic of plate with different boundary edges.
The study has identified the stiffness values of translational springs have greater effect on natural frequency of plate than rotational springs. With the increase of aspect ratios, the natural frequency increases. Natural frequency of thin plate varies greatly with different boundary conditions. In the combination of clamped boundary condition and elastic boundary condition, with the increase region of clamped boundary condition the frequency parameter increases.
The research has also shown that sound pressure level and sound power level of plate reach the peak value when the frequency of excitation force equals first order natural frequency of plate. Meanwhile, with the weakening of boundary condition more peaks appear and the maximum peak value becomes bigger. When the point force moves to the center of four edges clamped plate, the number of peak decreases, whereas the peak value increases. 
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